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MONGE-AMPE`RE OF PAC-MAN
NORM LEVENBERG* AND SIONE MA’U
Abstract. We show that the Monge-Ampe`re density of the ex-
tremal function VP for a non-convex Pac-Man set P ⊂ R2 tends to
a finite limit as we approach the vertex p of P linearly but with
a value that may vary with the line. On the other hand, along a
tangential approach to p the Monge-Ampe`re density becomes un-
bounded. This partially mimics the behavior of the Monge-Ampe`re
density of the union of two quarter disks set S of Sigurdsson and
Snaebjarnarson [5]. We also recover their formula for VS by ele-
mentary methods.
1. Introduction
Given a compact set K ⊂ Cd, let
VK(z) := sup{u(z) : u ∈ L(Cd), u ≤ 0 on K}
where L(Cd) := {u ∈ PSH(Cd) : u(z) − log |z| = 0(1), |z| → ∞} and
PSH(Cd) denotes the cone of plurisubharmonic functions on Cd. The
Siciak-Zaharjuta extremal function is defined as
V ∗K(z) := lim sup
ζ→z
VK(ζ).
Moreover, one has
VK(z) = max[0, sup{ 1
deg(p)
log |p(z)| : ||p||K := max
ζ∈K
|p(ζ)| ≤ 1}]
where the supremum is taken over all non-constant holomorphic poly-
nomials p. If K is not pluripolar; i.e., for any u ∈ PSH(Cd) with
u|K = −∞ we have u ≡ −∞, then V ∗K ∈ L(Cd) and the Monge-Ampe`re
measure
µK := (dd
cV ∗K)
d,
which is supported in K, plays the role, if d > 1, of the potential-
theoretic equilibrium measure from the case when d = 1.
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Figure 1. A “Pac-Man” set
Explicit calculation of V ∗K and µK is difficult in general; however
qualitative properties of µK are known in certain special cases. Indeed,
if K ⊂ Rd ⊂ Cd is a convex body in Rd; i.e., a compact, convex set
with non-empty interior, much is known. Going back to the work of
Bedford and Taylor in [2], for such K ⊂ Rd with smooth boundary, µK
is absolutely continuous with respect to Lebesgue measure on Rd with
density ρK(x) which is comparable to [dist(x, ∂K)]
−1/2 (Theorem 1.2 of
[2]). In particular, this density blows up as x approaches the boundary
of K. More generally, for K ⊂ Rd compact, on compact subsets of the
interior of K the Monge-Ampe`re measure µK is equivalent to Lebesgue
measure on Rd (see Theorem 1.1 of [2] for a precise statement).
In order simply for ρK(x)→∞ as x→ ∂K the hypothesis of smooth
boundary in Theorem 1.2 of [2] is not necessary (see section 3) but it
was unknown to what extent the convexity hypothesis is needed for
this conclusion. A few years ago Robert Berman asked what happens
to the Monge-Ampe`re density ρK of a non-convex body K ⊂ Rd near
a non-convex boundary point such as a fattened L−shape in R2 at its
inner bend or a “Pac-Man” (a disk minus a centrally symmetric wedge
of opening less than pi) at the vertex of its mouth (Figure 1).
Motivated by an example in a recent preprint of Sigurdsson and Snae-
bjarnarson [5], we show that in these cases, an interesting phenomenon
occurs: the Monge-Ampe`re density of the extremal function tends to a
finite limit as we approach the bend or vertex p linearly within K but
with a value that varies with the line if the line is sufficiently close to
the boundary edge. On the other hand, along a tangential approach to
p the Monge-Ampe`re density becomes unbounded.
In the next section, we recall some results from [2], [4] and [5]. In par-
ticular, we provide an elementary proof of the formula for the extremal
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function of Example 4.4 in [5]. We give the details of the previously
described behavior of the Monge-Ampe`re density of the extremal func-
tion of a Pac-Man set near its vertex in section 3. Finally, in section
4, we indicate the genesis of our method of attack on this problem and
discuss directions for future research.
We would like to thank Akil Narayan for pointing out an error in the
original statement of our main result, Theorem 3.1.
2. Background and preliminaries
A key result which we use is Theorem 5.3.1 of [4].
Theorem 2.1. Let F : Cd → Cd be a proper, polynomial mapping of
degree at most b with
lim inf
|z|→∞
||F (z)||
||z||a > 0
where b ≥ a > 0. Then for any K ⊂ Cd compact,
aVF−1(K) ≤ VK(F (z)) ≤ bVF−1(K).
To compare Monge-Ampe`re measures of extremal functions associ-
ated to compact subsets of Rd, we recall Lemma 2.1 of [2].
Lemma 2.2. Let Ω be a domain in Cd and let u1, u2 ∈ PSH(Ω) ∩
L∞loc(Ω). Suppose S ⊂ Ω ∩ Rd is a closed set containing the supports
of the Monge-Ampe`re measures (ddcu1)
d, (ddcu2)
d. If the sets {u1 = 0}
and {u2 = 0} differ from S by a pluripolar set and if 0 ≤ u1 ≤ u2 on
Ω, then
(ddcu1)
d ≤ (ddcu2)d.
We work in C2; indeed, mostly in R2. For all of the compact sets
K ⊂ R2 in the rest of this paper, VK = V ∗K ; i.e., VK is continuous. The
letter C denotes a generic constant which can vary from line to line.
Let xj = Rezj, j = 1, 2 where (z1, z2) are coordinates for C2. We recall
Example 4.4 of [5] which is the union of two quarter-disks meeting at
the origin:
(2.1) S := {(x1, x2) ∈ R2 : x21 + x22 ≤ 1, x1x2 ≥ 0}.
Let h(ζ) := ζ +
√
ζ2 − 1 be the standard Joukowski map in C \ [−1, 1].
Sigurdsson and Snaebjarnarson show that
(2.2) VS(z1, z2) =
1
2
log h(|1− z21 − z22 |+ |z1 − z2|2 + 2|z1z2|)
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(the formula in [5] is missing the 1/2 in front).
An elementary way to obtain (2.2) is to use Theorem 2.1. To be
precise, the rotation counterclockwise by 45o given by
T1(x1, x2) =
1√
2
(x1 − x2, x1 + x2) = (x, y)
maps S to T1(S) = S˜. Then the square map Q(x, y) = (x
2, y2) = (s, t)
maps S˜ to
Q(S˜) = T = co{(0, 0), (0, 1), (1/2, 1/2)}
(in a 4-to-1 manner). Here co(S) denotes the convex hull of the set S.
Finally, the linear map T2(s, t) = (2s, t − s) = (u, v) maps T to the
standard triangle
Σ := T2(T ) = co{(0, 0), (0, 1), (1, 0)}.
Altogether, the composition gives the map
G(x1, x2) :=
(
(x1 − x2)2, 2x1x2
)
= (u, v)
with G−1(Σ) = S. Extending to C2, from Theorem 2.1,
VΣ(G(z1, z2)) = 2VS(z1, z2).
Using the known formula for VΣ (cf., Example 5.4.7 of [4] or Example
4.8 of [1]), the left-hand-side equals
VΣ(G(z1, z2)) = log h(|z1 − z2|2 + 2|z1z2|+ |(z1 − z2)2 + 2z1z2 − 1|)
= log h(|z1 − z2|2 + 2|z1z2|+ |z21 + z22 − 1|).
This gives the (correct) formula (2.2) for VS.
S S˜ T
More to the point, Sigurdsson and Snaebjarnarson show that the
Monge-Ampe`re density is of the form
(2.3) ρS(x1, x2) = C |x1 + x2|√
x1x2(1− x21 − x22)
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on the R2−interior of S for an appropriate constant C. Thus as (x1, x2)→
(0, 0),
ρS(x1, x2)  |x1 + x2|√
x1x2
.
In particular, along a linear approach x2 = mx1 which is neither vertical
nor horizontal,
lim
(x1,x2)→(0,0)
ρK(x1, x2) = C 1 +m√
m
whereas ρS(x1, x2) blows up as (x1, x2) → (0, 0) along a tangential
(vertical or horizontal) approach. Note that the linear approach ratio
1+m√
m
approaches +∞ as m → 0 or m → ∞; i.e., as we approach an
“edge” of the quarter disk. In the next section, we show that a similar
result holds for an appropriate “Pac-Man” set in R2.
3. A Pac-Man set
In this section we prefer to use (z, w) as coordinates in C2 and we let
x = Rez, y = Rew be the standard coordinates on R2 ⊂ C2. Let
(3.1) P = Ppi/2 := {(x, y) ∈ R2 : (x− 1)2 + y2 ≤ 1} \W
where
W = Wpi/2 := {(x, y) : x > 1, |y| < x− 1}
is a symmetric wedge of angle opening pi/2 at (1, 0); hence the linear
boundary of P is contained in the lines y = ±(x − 1) with x ≥ 1.
Thus P is a “Pac-Man” of radius one whose “mouth” is the wedge W .
Similar calculations will work for
Pα = {(x, y) ∈ R2 : (x− 1)2 + y2 ≤ 1} \Wα
where Wα is a symmetric wedge of angle opening α < pi at (1, 0); for
simplicity we take α = pi/2.
Let F : C2 → C2 via F (z, w) = (z, w2). Then P = F−1(K) where
K is the convex set of points in the quadrant {(s, t) ∈ R2 : s, t ≥ 0}
bounded by {(s, t) : 0 ≤ s ≤ 1, t = 0}, {(s, t) : t = (s − 1)2, 1 ≤ s ≤
1 + 1/
√
2} and {(s, t) : t = 2s− s2, 0 ≤ s ≤ 1 + 1/√2}.
From Theorem 2.1,
VP (z, w) ≤ VK(F (z, w)) ≤ 2VP (z, w).
6 NORM LEVENBERG* AND SIONE MA’U
Thus using Lemma 2.2, first with u1 = VP and u2 = VK ◦ F , then with
u1 = VK ◦ F and u2 = 2VP ,
(3.2) (ddcVP )
2 ≤ (ddc(VK ◦ F ))2 ≤ 4(ddcVP )2.
Note that at (1, 0) ∈ K, the tangent line to ∂K is horizontal. Follow-
ing the argument in the proof of Theorem 1.3 of [2], the Monge-Ampe`re
density ρK(s, t) of VK near (1, 0) grows like
(3.3) ρK(s, t)  1
dist
(
(s, t), ∂K
)1/2 ;
i.e., just as for the Monge-Ampe`re density of the extremal function for
a real disk (or convex body with smooth boundary) or square. Indeed,
for E := {(x, y) ∈ R2 : x2 + y2 ≤ 1} we have
ρE(x, y) = C(1− x2 − y2)−1/2
while for Q = {(x, y) ∈ R2 : |x|, |y| ≤ 1} we have
ρQ(x, y) = C(1− x2)−1/2(1− y2)−1/2
(cf. [1], Examples 4.6 and 4.7). Moreover, (3.3) is a local estimate:
to be precise, we first take a neighborhood N of (1, 0) constructed as
a union of segments sα perpendicular to the tangent line lα to ∂K
at pα where the pα fill out a neighborhood of (1, 0) in ∂K and sα is
sufficiently small but with lengths |sα| ≥ C > 0 for some C so that we
can fit inscribed disks Eα ⊂ K with pα ∈ ∂K ∩ ∂Eα of radii rα ≥ |sα|.
Then for points (s, t) on sα we have
dist
(
(s, t), ∂K
)
= dist
(
(s, t), ∂Eα
)
.
Since VEα ≥ VK and the Monge-Ampe`re density ρEα(s, t) of VEα behaves
like
ρEα(s, t) 
1
dist
(
(s, t), ∂Eα
)1/2 ,
we get an upper bound
ρK(s, t) ≤ C
dist
(
(s, t), ∂K
)1/2
for (s, t) ∈ N using Lemma 2.2. For a lower bound
ρK(s, t) ≥ C
dist
(
(s, t), ∂K
)1/2
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on N we again use Lemma 2.2 (i.e., the argument in the proof of Theo-
rem 1.3 of [2]) with circumscribed disks or squares of uniform size (radii
or side length bounded above). To be precise, we let Tα be a circum-
scribed real disk or square (i.e., containing K) with pα ∈ ∂Tα and lα
tangent to Tα at pα. Then for points (s, t) on sα
dist
(
(s, t), ∂Tα
)
= dist
(
(s, t), ∂K
)
.
Since VTα ≤ VK and the Monge-Ampe`re density ρTα(s, t) of VTα behaves
like
ρTα(s, t) 
1
dist
(
(s, t), ∂Tα
)1/2 ,
we get the desired lower bound.
We use all these ingredients to show:
Theorem 3.1. Let ρP (x, y) be the Monge-Ampe`re density of VP for P
in (3.1); i.e.,
(ddcVP )
2 = ρP (x, y)dx ∧ dy for (x, y) ∈ P o.
(1) For an approach to p = (1, 0) linearly along y = c(x − 1) with
c > 1,
(3.4) lim
x→1+
ρP (x, c(x− 1)) = A |c|√
c2 − 1
where A is independent of c; and for an approach to p = (1, 0)
linearly along y = c(x− 1) with c ≤ 0 or for a vertical approach
along x = 1 (corresponding to |c| → ∞) we get
lim
y→0+
ρP (1, y) = A.
(2) For a tangential approach to p = (1, 0); i.e., along y = (x−1)+
g(x) with g(x) ≥ 0 for x ≥ 1 and g′(1) = 0,
(3.5) lim
x→1+
ρP (x, (x− 1) + g(x)) =∞.
Remark 3.2. Note that the linear approach ratio |c|√
c2−1 near the edge
{(x, y) : y = x − 1, 1 ≤ x ≤ 1 + 1/√2} of the Pac-Man approaches
∞ as c→ 1+. For linear approaches “away” from the edge, we get the
same linear approach value.
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Proof. We begin by observing from (3.2) that if we write the Monge-
Ampe`re density of VP as ρP (x, y) and that of VK as ρK(s, t) where
(x, y) = (s, t2),
ρP (x, y)dx ∧ dy ≈ ρK(s, t)ds ∧ dt ≈ ρK(s, t)
√
tdx ∧ dy.
Thus, along a curve y = f(x) approaching p as x→ 1+,
lim
x→1+
ρP (x, f(x)) = lim
(s,t)→(1,0), √t=f(s)
[ρK(s, t) ·
√
t].
To prove (3.4), we consider for c > 1
(3.6) lim
x→1+
ρP (x, c(x− 1)) = lim
(s,t)→(1,0), √t=c(s−1)
[ρK(s, t) ·
√
t].
Now along
√
t = c(s− 1) as (s, t)→ (1, 0), we have
dist
(
(s, t), ∂K
)  c2(s− 1)2 − (s− 1)2 = (c2 − 1)(s− 1)2
(this is the vertical distance between points
√
t = c(s − 1) and √t =
(s− 1)). Hence together with (3.3) we obtain
ρK(s, t)  1
dist
(
(s, t), ∂K
)1/2  1(s− 1)√c2 − 1 = c√t√c2 − 1 .
Thus, from (3.6),
lim
x→1+
ρP (x, c(x− 1)) = A c√
c2 − 1
for some constant A which is independent of path. For c < 0
dist
(
(s, t), ∂K
)
= t
since the closest point to (s, t) in ∂K is (s, 0). Thus
ρK(s, t)  1
dist
(
(s, t), ∂K
)1/2  1√t
and from (3.6), which is still valid for such c,
lim
x→1+
ρP (x, c(x− 1)) = A.
Similarly, along x = 1, we have s = 1 and the (vertical) distance
between points (1, t) and ∂K (with closest point (1, 0)) is t so ρK(s, t) ·√
t  1/√t · √t = 1 and thus
lim
(1,t)→(1,0)
[ρK(s, t) ·
√
t] = A.
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To prove (3.5), we consider
lim
x→1+
ρ(x, (x− 1) + g(x)) = lim
(s,t)→(1,0), √t=(s−1)+g(s)
[ρK(s, t) ·
√
t].
Note that both the horizontal distance H(s, t) from a point (s, t) with√
t = (s− 1) + g(s) to ∂K and the vertical distance V (s, t) are greater
than or equal to dist
(
(s, t), ∂K
)
. Now H(s, t) = g(s); if instead we
consider the vertical distance V (s, t) we have the estimate
V (s, t) = [(s−1)+g(s)]2−(s−1)2 = 2(s−1)g(s)+g(s)2 ≥ dist((s, t), ∂K).
Thus
ρK(s, t) ·
√
t 
√
t
dist
(
(s, t), ∂K
)1/2 ≥
√
t
V (s, t)1/2
=
( [(s− 1) + g(s)]2
[2(s− 1)g(s) + g(s)2]
)1/2
=
(
1 +
(s− 1)2
[2(s− 1)g(s) + g(s)2]
)1/2
.
If we expand g(s) = a(s− 1)N + ... where N > 1 we have
ρK(s, t) ·
√
t ≥ 0((1 + (s− 1)2
2a(s− 1)N+1 )
1/2
)→∞
as s→ 1+ since N > 1. This proves (3.5). 
Remark 3.3. As previously mentioned, similar calculations work for
other Pac-Men Pα as long as the opening angle α is less than pi. If the
angle is greater than or equal to pi, Pα is convex and the Monge-Ampe`re
density of VPα becomes unbounded near ∂Pα regardless of the direction
of approach.
Remark 3.4. The same behavior holds for a fattened L−shaped region
at its inner bend p as can be seen by putting an inscribed Pac-Man with
vertex p inside L and a circumscribed Pac-Man with vertex p containing
L and using Lemma 2.2. For example, setting L = E ∪ E∗ where
E := {(x, y) ∈ R2 : 0 ≤ y ≤ 1 +
√
2− x, x− 1 ≤ y ≤ x+
√
2− 1}
and E∗ = {(x,−y) : (x, y) ∈ E}, the Pac-Man P in (3.1) is inscribed
in L with p = (1, 0).
Remark 3.5. We recover a (rotated, translated) version S ′ of the two
quarter disk set S in (2.1) by taking out a symmetric wedge W ′ from
P ; thus the linear boundary of S ′ is contained in the lines y = ±(x −
1) with 1 − 1/√2 ≤ x ≤ 1 + 1/√2. Here S ′ = F−1(K ′) where, as
before, F (z, w) = (z, w2), and K ′ is now the convex set bounded by
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the parabolas {(s, t) : t = (s− 1)2} and {(s, t) : t = 2s− s2}. Thus one
can follow the proof of Theorem 3.1 to verify that we do, indeed, have
the same asymptotic results for the density ρS′ for S
′ near (1, 0) and
for the density ρS for
S = {(u, v) ∈ R2 : 0 ≤ u2 + v2 ≤ 1, uv ≥ 0}
near (0, 0). (Here S is the same set as in (2.1) but we are using coor-
dinates (u, v) = (x1, x2).) From (2.3) the Monge-Ampe`re density of VS
is ρS(u, v)  |u+v|√uv ; hence, e.g., along lines v = mu for 0 < m < 1 and
u, v ≥ 0, we obtain
lim
(u,v)→(0+,0+), v=mu
ρS(u, v) = B(
1 +m
m
)
for some constant B independent of m. One easily checks, via transla-
tion and rotation of coordinates, that this corresponds to
1 < c =
m+ 1
1−m <∞ or
c√
c2 − 1 =
1
4
· 1 +m
m
where c is as in Theorem 3.1.
4. Pluripotential theory and convex bodies
The impetus for our proof of Theorem 3.1 came from the newly-
developed pluripotential theory associated to convex bodies (cf., [3]).
For C ⊂ (R+)d a convex body define
HC(z) := sup
J∈C
log |zJ | := sup
(j1,...,jd)∈P
log[|z1|j1 · · · |zd|jd ],
the logarithmic indicator function of C. Thus for Σ := {(x1, ..., xd) ∈
Rd : 0 ≤ xi ≤ 1,
∑d
j=1 xi ≤ 1}, HΣ(z) = maxj=1,...,d log+ |zj|. We
assume Σ ⊂ kC for some k ∈ Z+. Define
LC = LC(Cd) := {u ∈ PSH(Cd) : u(z)−HC(z) = 0(1), |z| → ∞} and
Poly(nC) := {p(z) =
∑
J∈nC∩(Z+)d
cJz
J : cJ ∈ C}, n = 1, 2, ...
For p ∈ Poly(nC) we have 1
n
log |p| ∈ LC . Note Poly(nΣ) are the usual
holomorphic polynomials of degree at most n.
Given E ⊂ Cd, the C−extremal function of E is given by V ∗C,E(z)
where
VC,E(z) := sup{u(z) : u ∈ LC(Cd), u ≤ 0 on E}.
PAC-MAN 11
For K ⊂ Cd compact,
VC,K(z) = lim
n→∞
[sup{ 1
n
log |p(z)| : p ∈ Poly(nC), ||p||K ≤ 1}].
Thus VΣ,K = VK from the introduction. Moreover, following the proof
of Theorem 5.3.1 of [4], we have the following result.
Theorem 4.1. Let C,C ′ ⊂ (R+)d be convex bodies and let F : Cd → Cd
be a proper polynomial mapping satisfying
0 < lim inf
|z|→∞
supJ∈C |[F (z)]J |
supJ∈C′ |zJ ′|
≤ lim sup
|z|→∞
supJ∈C |[F (z)]J |
supJ ′∈C′ |zJ ′ |
<∞.
Then
VC,K(F (z)) = VC′,F−1(K)(z).
Relating to the proof of Theorem 3.1, we observe that for the map-
ping F : C2 → C2 given by F (z, w) = (z, w2) that we used, given any
P ′ = F−1(K ′) ⊂ {(x, y) : (x− 1)2 + y2 ≤ 1} and the corresponding set
K ′, we have
2VP ′(z, w) = V2Σ,P ′(z, w) = VC,K′(F (z, w))
where C is the convex hull of (0, 0), (2, 0) and (0, 1). This follows since
F satisfies the hypothesis of Theorem 4.1.
We hope that one can use this elementary result to construct other
explicit examples of these C−extremal functions, VC,K . The most useful
case(s) would be when one of C or C ′ is Σ.
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